We review the transmission properties of carriers interacting with potential barriers in graphene. The tunneling of electrons and holes in quantum structures in graphene is found to display features that are in marked contrast with those of other systems. In particular, the interaction between the carriers with electrostatic potential barriers can be related to the propagation of electromagnetic waves in media with negative refraction indices, also known as metamaterials. This behavior becomes evident as one calculates the time evolution of wavepackets propagating across the barrier interface. In addition, we discuss the effect of trigonal warping on the tunneling through potential barriers.
Introduction
The transmission of a particle through a classically forbidden region can be regarded as a quintessential quantum phenomenon, in the sense that it cannot be explained in the framework of Newtonian mechanics. The existence of such transmission, known as quantum tunneling, highlights the wave-particle duality that is at the core of the quantum picture of nature. The name of the phenomenon itself illustrates the counterintuitive aspect of the transmission, which takes place as if a particle, with some probability, could create a 'tunnel' which enables it to traverse a potential barrier that is higher than its energy. Although tunneling contradicts the expectations based on classical particle dynamics, it has a counterpart in optics, in the phenomenon of evanescent wave coupling, in which an electromagnetic wave is transmitted through a region where the solution of the corresponding wave equation is exponentially decaying. Likewise, the tunneling of a particle can be said to arise due to the coupling of the propagating solutions of Schroedinger's equation at either side of the potential barrier with decaying solutions in the barrier region, leading to non-zero transmission probability.
The concept of tunneling was first applied by Gamow [1] and, independently, by Condon and Gurney [2] , in 1928 to explain nuclear alpha decay. In that case, the particle was a helium nucleus and the potential barrier is provided by the confining nuclear potential. The success of that explanation soon led to the realization that tunneling is a general quantum phenomenon, and since then it has been observed in a variety of systems. Tunneling has also been exploited in the development of electronic devices, such as in the tunnel diode [3] and the resonant tunneling diode [4, 5] .
Shortly after the introduction of quantum mechanics, several researchers started a search for a relativistic covariant version of the theory. That search culminated with the work of Dirac [6] in 1928, which presented an equation that provided a Lorentz-invariant description of the electron. That led to several important discoveries, such as the prediction of antimatter. One striking consequence of the theory was recognized by Klein [7] : for large potential steps, the Dirac equation generates results for tunneling that strongly contrast with the predictions of the non-relativistic theory. In particular, for a certain range of energies, the transmission probability for a single square barrier could reach 100%. The reason for this unusually high transmission is found in the overlap between positive and negative energy states outside and inside the barriers. That surprising result has been known as Klein tunneling [8] .
Although there has been extensive experimental verification of the tunneling probability predictions of non-relativistic quantum mechanics, the detection of Klein tunneling has faced difficulties caused by the very large fields required for its observation. That situation has recently changed, as a consequence of an important development in solid state physics, a field that is apparently quite distant from the realm of relativistic quantum mechanics. That development was the fabrication of single layers of graphite, also known as graphene [9, 10] , which in turn has spurred an extraordinary level of interest on the investigation of the properties of massless fermions (see e.g. [11] and [12] ).
Graphene consists of single layers of graphite. It is a honeycomb lattice of covalent-bond carbon atoms, which can be treated as two interpenetrating triangular sublattices, labeled A and B, and can be pictured as unrolled, single-wall carbon nanotubes. An accurate microscopic description of the carrier dynamics of graphene is given by the tight-binding model. In this case, the free electron in each lattice site can hop to its neighboring sites. If one considers only nearest-neighbor hopping, the Hamiltonian can be written as
where t 1 ≈ 2.8 eV is the nearest-neighbor hopping parameter and a † m (a m ) creates (destroys) an electron state at an m-labeled site in sublattice A, whereas the b and b † operators do the same for sublattice B. The Hamiltonian (1) can be easily diagonalized to give [13] 
where
with a the lattice parameter. This spectrum displays six cones with vertices that cross E = 0, of which only two are inequivalent, labeled K and K in figure 1 . Their positions in the reciprocal space are
Thus, in the vicinity of K one can translate the momentum values as
By expanding the structure factor for the hexagonal lattice in the vicinity of the cones, and by retaining the first-order terms, the Hamiltonian in the vicinity of K becomes
wherehv F ≡ 3at 1 /2, and v F gives the Fermi velocity of the electrons. The low-energy band structure of graphene is therefore gapless and the corresponding electronic states are found near the two cones located at inequivalent corners of the Brillouin zone. Thus, the low-energy carrier dynamics in the vicinity of the two cones is equivalent to that of a twodimensional (2D) gas of massless charged fermions, which is governed by the Hamiltonian
wherep = (p x , p y ) is the momentum operator, v F is the effective speed of light of the system, which in this case corresponds to v F ≈ 1 × 10 6 m s −1 , and σ and τ are Pauli matrices describing the probability amplitudes for the states at each sublattice (σ z ) and each inequivalent valley (τ z ), K and K . In the absence of short range (i.e. of the order of a) potentials, the valley states are degenerate and the Hamiltonian can be written in the reduced form
The Hamiltonian (7) acts on the states represented by the two-component spinors
T , where ψ A and ψ B represent the envelope functions associated with the probability amplitudes at the respective sublattice sites of the honeycomb graphene structure. The low-energy spectrum of free carriers is E = ±hv F k 2 x + k 2 y 1/2 , with k x and k y the wavevectors along the x and y axes, in the vicinity of the cones at the Brillouin zone; the + (−) sign refers to electron (hole) bands. Equation (8) also implies that the carriers in each valley are chiral particles, with the projection of the pseudospin (σ p ) for electrons (holes) being aligned parallel (antiparallel) to the direction of propagation: σ p = ( σ ·p)/|p|. Since it commutes with the Hamiltonian, the chirality of the carriers remains conserved even in the presence of an external electrostatic field. One way of breaking this conservation is by adding a mass term in the Hamiltonian (8) , which can be written as H m = mv 
Klein tunneling in graphene
The absence of a gap in the spectrum, together with the conservation of chirality for carriers in graphene, leads directly to an important consequence: the suppression of backscattering by potential barriers. This unusual aspect of tunneling in this new material was first pointed out by Katsnelson et al [14] , by calculating the tunneling coefficients for square barriers in single and bilayer graphene.
A potential barrier can be created in graphene by considering the effect of a gate voltage, which can be included in the Hamiltonian by adding a potential U. This leads to the equation
Let us consider a square barrier of width L along the x axis given by figure 2) . Although the potential barrier is abrupt, one can assume that the potential is smooth on the scale of the lattice parameter. It can be shown that for smooth potentials, the general behavior of the transmission is qualitatively similar to the present case. Since in this case the y component of the momentum operator commutes with the Hamiltonian, we can consider solutions in the form ψ C (x, y) = φ C (x) e ik y y , C = A, B, and obtain
The two coupled first-order differential equations, equations (9) and (10) can be transformed into a single secondorder differential equation giving for φ A the result
where u is the derivative of the potential. For a square well, these derivatives are Dirac delta functions. We can consider the solutions in the regions outside and inside the barriers, where u = 0. Let us consider the propagating solutions where
1/2 . These solutions are similar to the ones obtained from Schroedinger's equation. However, the fact that in the present case the equations are of first order (which leads to the terms with the derivatives of the potential in the decoupled second-order equation) implies that the continuity of the derivatives of the spinor components at the barrier interfaces is not required. Thus, by matching the solutions at each region of constant potential, taking into account the continuity of φ A and φ B at the potential interfaces, one can obtain an explicit formula for the total transmission as T = |A 3 | 2 , where
with
A contour plot of the transmission as a function of the momentum components of the incident electron is shown in figure 3. For normal incidence (i.e. k y = 0), the figure shows perfect transmission, characteristic of the Klein phenomenon. One important aspect of this result is the highly anisotropic character of the transmission in this system, with the appearance of several transmission peaks for nonperpendicular incidence. These resonance peaks are similar to Fabry-Pérot resonances in optical systems and can enhance the tunneling current for certain energies. This feature was investigated for smooth potential steps in single-layer graphene by Cheianov and Fal'ko [15] . These authors considered a smooth p-n junction and obtained, for incidence angles θ π/2, the transmission as a function of the angle for a potential step of width d as
where k F is the Fermi momentum of the carriers. The fact that carriers in graphene can be reflected by potential steps for non-normal incidence implies that confined carrier states can be obtained, as long as they have a nonzero momentum component in the direction parallel to the barrier. Therefore, discrete energy levels may be found for carriers in graphene-based quantum wires [16] . For a wire of width L defined by a square potential of the type 
where S ± ( , β, s) = β − f ± ( ) − sαδ ∓s and δ = tan(α/2). The results are shown in figure 4 for U 0 = 50 meV and L = 200 nm. The dashed lines delimit the continuum region, which corresponds to free electrons (E hk y + U 0 ) with energies larger than the barrier height, and free holes (E −hv F k y + U 0 ) that propagate in the system by means of the Klein tunneling mechanism. The cut-off at low wavevectors thus arises due to the conversion of confined electrons to free holes. That is a consequence of the gapless spectrum of graphene, which allows the existence of unoccupied states in the valence band in the barrier region at the energies of the incident electrons even for small values of U 0 . For large values of k y , the dispersion branches are given approximately by
where n is an integer. The lower inset (a) of figure 4 shows the two spinor components, for k y = 0.03 nm −1 , shown by the solid triangle, whereas the upper inset (b) of figure 4 shows the corresponding probability density in arbitrary units. The vertical dotted lines indicate the position of the walls of the barrier. The spinor function plots clearly indicate a discontinuity in the derivative of the spinor component functions at the barrier interfaces, while the probability density is continuous.
The massless character of the carriers in graphene allows for an analogy between their propagation and the behavior of light in dielectric media. In this regard, it has been recognized that the interaction of electrons and holes in graphene with p-n junctions is akin to that of light with media that display a negative refraction index, also known as metamaterials. This becomes evident if one calculates the deviation of an electron from the conduction band incident on a potential barrier with an angle θ c . The transmitted portion of the wavefunction propagates in the barrier region with a 'refraction' angle θ v , such that the relationship between these angles and the momenta is analogous to Snell's law of refraction:
Thus, the potential barrier can be interpreted as a region of negative refraction index n = −k v /k c (as opposed to the 'vacuum' region outside the barrier, with n = 1). That realization has led to the prediction by Cheianov et al that the flow of electrons in this system can be focused by means of n-p-n junctions [17] , producing what is known as a Veselago lens [18] . The analogy between light propagation in dielectric media and the dynamics of carriers in graphene is particularly evident if one investigates the propagation of wavepackets in this system [19] . One particularly powerful technique for that study is the method of split operators.
Scattering of a wavepacket on a barrier
The propagation of wavepackets in ideal graphene has been recently studied, both numerically and analytically [20, 21] , using a Green's function method which allowed the investigation of the oscillatory electronic motion (Zitterbewegung) that has been predicted from the relativistic analogy for the behavior of the electronic states in graphene. Below we show how the interaction of a Gaussian wavepacket with a potential barrier in graphene can be studied by a suitable application of the time evolution operator, using the split operator method. This technique has been successfully applied to investigate the properties of semiconductor structures [22] and can be readily extended to deal with carriers in graphene.
Let us first rewrite the Hamiltonian, including a mass term, which can be used to induce confinement or to mimic the effect of the edges of the graphene sheet,
where U(x, y) is the potential, F(x, y) is the mass term and I is the 2 × 2 unity matrix. In this method, the time evolution operator for carriers is written as a summation of two parts: one contains the potential and mass terms, which depend only on real space coordinates, whereas the other contains the momentum terms. Thus, the operator becomes
error is a consequence of the fact that 1 and − → 2 · − → σ do not commute.
The exponentials can be expressed in terms of the matrices M 1 and M 2 , written in the space of positions and momenta, respectively, as (20) and
where 2 = tv f k 2 x + k 2 y is the magnitude of the vector − → 2 . Now we can obtain the wavefunction at a posterior time starting from an initial wavefunction as
where the terms of higher order in t are neglected, and where before (afterward) the multiplication of matrix M 2 , we must perform a direct (inverse) Fourier transform on the function, in order to map it to the reciprocal (real) space. Note that if the Hamiltonian has neither external potentials nor mass terms, that is, U (x, y) ≡ 0 and F (x, y) ≡ 0, the separation between the real and reciprocal space-dependent terms in equation (19) is no longer necessary, and the multiplication of the initial wavefunction by the matrix M 2 , defined by equation (21), gives the exact solution of the time evolution of the wavepacket for any value of t. However, in the case where U(x, y) or F(x, y) is non-zero, the O( t 3 ) error induced by the non-commutativity of the terms of the Hamiltonian restricts the method to small values of t.
For the initial wavefunctions, we take Gaussian functions
where now we have two parameters δ x and δ y , to describe the width of the initial wavepacket in the x and y directions, respectively. For the sake of simplicity, we consider a wavepacket with circular symmetry, i.e. δ x = δ y = δ. Thus, the initial spinor becomes
where c 1 and c 2 define the initial pseudospin polarization. Figure 5 shows the propagation of a wavepacket with width δ = 50 nm as it interacts with a potential step U = U 0 θ(y). The figure shows a contour plot of the probability density for four different instants. In this case, the incident angle is θ i = π/4, which is obtained using c 1 = 1 and c 2 = exp[iπ/4], and E = 100 meV with U 0 = 200 meV. Thus, in agreement with the modified Snell's law, equation (13) , the refraction angle obtained is θ r = π/4. The figure shows the probability density as a function of the position at four different moments, namely before the arrival of the wavepacket at the interface (t = 0 fs), the initial deformation of the wavepacket (t = 140 fs), the splitting of the wavepacket into refracted and reflected components (t = 320 fs) and the subsequent propagation of the two components (t = 500 fs). It is seen that both the reflected and refracted components are significantly deformed in comparison with the original circular-symmetric incident wavepacket. In this case, the existence of a reflected wavepacket is a direct consequence of the non-zero incident angle, which leads to a non-zero wavevector component in the direction parallel to the barrier. This, as shown in figure 3 for the single barrier, reduces the transmission coefficient of the potential step. Additionally, the results of figure 5 are in striking contrast with the usual non-relativistic picture, which does not allow for a transmitted wavepacket when the potential step has E < U 0 .
The transmission of a wavepacket through a square potential barrier is shown in figure 6 . In this case, the width of the barrier is L = 50 nm, and the other parameters are the same as in the previous figure. The dashed lines indicate the trajectory of the refracted wavepacket, as well as the path in the absence of a barrier. The dotted lines delimit the width of the barrier. As shown, the potential barrier causes a shift of the path of the transmitted wavepacket. This shift agrees with the result obtained from the analogy to the geometrical optics expressions, taking into account the negative refraction index associated with the barrier. For a wavepacket reaching a barrier of thickness L with an incident angle θ , a straightforward calculation, taking into account the refraction of the classical paths, gives a shift
Using equation (17) this result can be expressed as This shift is distinct from the one expected for a reflected wavepacket, known as the Goos-Hänchen effect, which has been recently investigated [23] .
In the lower half of the graph some reflected components can be observed, which arise from the interaction of the wavepackets with each potential interface.
Multiple barriers
The lack of backscattering, the anistropy of the transmission of carriers in graphene, together with their long mean free path, suggest that resonance effects may be relevant to the properties of graphene-based quantum structures. This dependence becomes evident as one analyzes the conductance of multiplebarrier systems [24, 25] . For a single barrier, the total current for ballistic electrons presents oscillations as function of energy, due to an oscillation of the angular dependence of the transmission, caused by Fabry-Pérot-like resonances inside the barrier. The introduction of several barriers causes the appearance of additional resonance peaks in the transmission which, at low energies, causes additional oscillations of the total current. For multiple barriers, the energy spectrum of the carriers shows the appearance of minibands for non-normal propagation.
In order to simplify the discussion of the multiple-barrier case, let us rewrite the wavefunction for a region of constant one-dimensional potential U(x) = U i in the matrix form as (27) where
and 2 . If we apply the continuity condition for the wavefunction at the interface of a potential step that separates two regions described by the potentials U i and U i+1 at x = x i , we can relate the amplitude coefficients at neighboring regions by
is the transfer matrix that relates the wavefunction in regions i and i + 1. Thus, if one considers a set of 2m square barriers, the transmission coefficient can be calculated as
where [N ] 22 is an element of the matrix given by the product
The dispersion relation is given by
where κ = 2πm/L. For a periodic potential profile, we have det[T] = 1. Assuming periodic boundary conditions we can write, for P unity cells, N P = 1. It follows that the eigenvalues of N are e 2πim/P , with m an integer, and its determinant is equal to 1. A (k y , k x ) contour plot of the logarithm of the transmission T through a double barrier is shown in figure 7 . In this case, each barrier has height U 0 = 50 meV and width L = 50 nm. The distance between the barriers is d = 100 nm. As seen, T depends on the direction of propagation or incident angle θ (tan θ = k y /k x ) and displays a similar behavior as for the single-barrier case. The main difference between single and double barriers is an oscillatory increase of the transmission for all regions when a double barrier is considered. This results from an additional resonance effect, caused by the quasiconfined electron states between the barriers.
The first two minibands of the dispersion relation for a 1D graphene-based superlattice are plotted in figure 8 . In this case, the width of the wells and of the barriers is the same, and equal to 10 nm. Note that the form of the dispersion relation in the k y direction, in contrast with the non-relativistic case, depends on the x component k x of the wavevector. As a result, one cannot split the energy of the minibands as E n = E n (k x ) + v Fh k y . If k y is sufficiently large, this dependence goes away and a linear relation between the energy and k y is recovered, independently of the k x component. Also, for k y = 0 the linear dispersion relation E(k x , 0) = v Fh k x is unaltered by the periodic potential U, being only shifted by U 0 /2. Figure 9 shows a contour plot of the transmission for a multiple-barrier structure consisting of ten units. The main effect of having many units is a slight reduction in the continuous range of k x for which perfect transmission occurs by the appearance of small gaps between regions of perfect transmission. This behavior remains essentially unaltered if the number of units is increased and is similar to that reported previously in the context of resonant tunneling through a double barrier [24] . 
Tunneling current
In an experimental setup, one usually measures the current J through the barrier. In the ballistic regime, the current is proportional to a weighted integral of the transmission T (k x , k y ). For the linear spectrum E =hv F k the current J, due to a voltage drop eV along the x direction, is given by
where f (E) is the Fermi function. For low temperatures we can approximate [f (E) − f (E + eV )] by −eV δ(E − E F ) and extract the low-bias conductance from equation (28) . Figure 10 shows the conductance versus the Fermi energy for a single barrier (dashed curve) and for a double symmetric (solid curve) and asymmetric (dotted curve) barrier, for barrier width L = 50 nm. The height of the first barrier is U 0 = 100 meV and that of the second is U 0 = 100 and 50 meV, for the solid and dotted curve, respectively. The inter-barrier separation is d = 50 nm. A pronounced resonant structure is found that is most explicit for symmetric barriers.
Trigonal warping effects
For an infinite, defect-free graphene sheet, the carrier states associated with each non-equivalent valley are degenerate. Nevertheless, there have been proposals to develop structures that can selectively act on these valley states, in order to create 'valleytronic' devices [26] , in analogy with spintronic devices. Most of these proposals require the use of valleyselective interaction of carriers with the edges of graphene point contacts. Recently, there have been several works that investigated the effect of valley polarization on the tunneling through potential barriers [27, 28] . These studies focused on the effect of trigonal warping on the tunneling probability. Trigonal warping is a modification of the conical dispersion of the carriers as the energy scale increases, due to the symmetry of the crystal lattice. The results show that the inclusion of trigonal warping introduces an anisotropy in the transmission that is valley dependent.
The energy of the carriers in single-layer graphene in the vicinity of the Dirac points can be obtained from a tight-binding model by expanding the energy equation (3) around the K and K points. The effect of trigonal warping is manifested in the higher order momentum terms, which become increasingly significant in comparison with the linear term as the carrier energy increases away from the charge neutrality point and causes the spectrum to deviate from the conical shape, modifying the constant energy curves in the momentum space from circles to approximately triangular shapes (see figure 1) .
Thus, by taking into account the leading higher order terms in the structure factor expansion, the carrier energy can be expressed in the presence of a potential U as
where s = 1(−1) for electrons in the K (K ) valley and a is the distance between nearest-neighbor carbon atoms in graphene (a ≈ 0.142 nm). The k x (k y ) component of the momentum corresponds to propagation along the armchair (zigzag) direction in the lattice.
In this case, the calculation of the transmission coefficient is similar to the one described in the previous sections, except that due to the trigonal warping effect; the results for large potentials become sensitive not only to the direction of the electron momentum with respect to the potential barrier but also with respect to the lattice. One may consider two cases: square barriers in which the potential interface runs parallel to the zigzag side of the lattice and barriers with the potential interface along the armchair side.
In the zigzag case, the solutions inside and outside the barrier are matched along the zigzag direction of the lattice. The x-component of the wavevector (i.e. the component perpendicular to the barrier) is given by
This shows that trigonal warping creates an anisotropy of the dispersion, given that the value of k x is sensitive to the sign of k y . Therefore, this anisotropy should be present in the transmission properties of electrons through potential barriers. This anisotropy creates the asymmetry in the angular dependence of the transmission shown in figure 11 . The figure shows the transmission coefficient for carriers with E = 50 meV, interacting with a square barrier of U 0 = 200 meV and L = 500 nm. The solid line shows the results for s = 1 (i.e. K valley), whereas the dashed line corresponds to s = −1 (K valley). For lower barrier heights (e.g. U 0 150 meV), the asymmetry in the transmission becomes less evident, and the result for the conical dispersion is recovered. For the armchair case, one has to find k x by solving the equation 
For a given energy, the values of k x are expected to differ for different s. However, in contrast with the zigzag case, the transmission is expected to be invariant under a transformation of the momentum component parallel to the barrier, k y → −k y . The asymmetry in the transmission in this case occurs between incoming electrons (i.e. moving 'to the right', with positive k x ) and outgoing (moving 'to the left', with negative k x ) electrons. The situation is reversed in each valley. Therefore, the large potential steps created in p-n junctions at an armchair orientation in graphene can create a valley-polarized current by means of a valley-selective transmission. Figure 12 shows results for a double barrier with U a = U b = 200 meV, L a = L b = W = 100 nm where (a) k y = 0.05 nm −1 and (b) k y = 0.01 nm −1 . The black solid line corresponds to incoming (outgoing) and the red dashed line to outgoing (incoming) carriers of the K (K ) valley. As shown in [28] , for the armchair case the total transmission peaks of carriers through single and double barriers are shifted in energy depending on the valley label. This implies that the measured current as a function of the Fermi energy for potential barriers with U 0 200 meV, which are within reach of current experiments, could show double peaks which can be explained by the valley polarization effect.
Conclusions
The production of graphene is expected to lead to a variety of device applications, ranging from transistors, transparent conducting films, to gas sensors. Nevertheless, on a more fundamental level the study of the properties of charge carriers in graphene has helped to shed light on new aspects of the phenomenon of quantum tunneling, and may allow the observation of several transmission effects that would be difficult to investigate in other 'classical' systems. The long mean free path of electrons and holes in graphene, together with the high quality of the samples being produced means that the observation of Klein tunneling, as well as resonance effects associated with tunneling become feasible, as shown by recent experimental studies [29, 30] . This can also be the case for other effects, such as electron focusing. Additionally, by modulating the valley polarization of the electron current by means of external gates, graphene may become the substrate of a new class of devices that exploit the valley degrees of freedom to perform logical operations.
